ABSTRACT This paper presents a macro-model, which can be used to calculate the lightning-induced overvoltages (LIOVs) on overhead lines on MATLAB/Simulink platform. First, a macro-model according to Agrawal's field-to-line coupling model is derived, in which the distributed equivalent voltage sources due to the horizontal components of the incident electric fields are lumped at the terminals of the transmission lines. In order to interface with MATLAB/Simulink, the propagation function of the transmission line is approximated by a delayed rational function and described by a state-space representation, and Brune's synthesis is adopted to model the equivalent multiport equivalent circuit of the transmission line in order to overcome the passivity violation problem. Combining with the built-in components in MATLAB/Simulink, the proposed modeling approach is applied to evaluate LIOVs of an overhead lines system, and the influence of the arrester and ground wire on the LIOVs is discussed in this paper. Furthermore, considering that the peak values of LIOVs are mainly concerned in the insulation coordination, a simple model for the early time response is proposed, which can further simplify the procedure. The accuracy of the proposed modeling method is validated by some examples.
I. INTRODUCTION
It is essential to estimate the overvoltages of multi-conductor transmission lines (MTLs) induced by external electromagnetic (EM) fields [1] . Many methods are available to analyze this problem [2] - [22] . Among these methods, the full-wave model is supposed to be the most accurate one [2] , because it is based on the Maxwell's equations. However, because the variables are the electric and the magnetic fields, it could not be directly applied to analyze a complex network composed of lumped elements, especially when some nonlinear components are included [3] . Compared with the full-wave method, the field-to-line coupling model is an attractive choice due to its sufficient efficiency and accuracy [4] . It is well known that the Agrawal's field-to-line coupling model is one of the most widespread models used to evaluate the lightning induced overvoltage (LIOV) of transmission lines. The famous BaumLiu-Tesche (BLT) formulation [5] provides a general solution of the Agrawal's field-to-line coupling model, however, it is difficult to treat the nonlinear problems since it is mainly implemented in the frequency domain [6] , [7] . Time domain finite element method (TDFEM) [3] and finite difference time domain (FDTD) [8] , [9] are two time domain methods to solve the Agrawal's filed-to-line coupling model by using time and spatial discretization schemes, which have been widely used to evaluate LIOV. Especially, a simple and fast computer code with only 300 lines written in Matlab has been developed by Barbosa and Paulino based on finite difference time domain technique [10] , [11] , which simplifies the procedure to evaluate LIOV. On the other hand, lots of work has been done to develop some circuit simulator compatible models, because they can be directly integrated into circuit simulators, such as EMTP-RV, ATP, PSPICE, MATLAB/Simulink, PSCAD, etc., to analyze the effects produced by indirect lightning on distributed overhead line networks of any complexity in terms of dimensions and variety of components.
Montaño et al. proposed a PSPICE compatible model by dividing the transmission lines into a series of segments and the coupling mechanisms are represented by some distributed sources due to the horizontal components of the incident electric fields [12] . However, as for a complex power network or a line several kilometers long, a large number of segments are required to achieve accurate results. It can be imagined that the implementation procedure is somewhat complicated, since inserting the distributed sources at the connection nodes of the segments will result in a tedious work. Shinh et al. presented a SPICE macro-model for transient analysis of lossy MTLs in the presence of incident electromagnetic fields [13] . However, the model is solved in the mode-domain, as for the nonlinear problems, a phase-domain model is preferred. In [14] , a SPICE compatible multiport model for MTLs excited by an incident electromagnetic field is proposed, but it cannot be applied to analyze the lossy transmission lines [14] . As for the calculation of LIOVs of MTLs, Lightning Induced Voltage (LIV) is a popular circuit solver compatible method, which has been integrated into ATP software through the ''MODELS'' language [15] , [16] . Another computer code developed by an international collaboration leading by Rachidi and Nucci, named as LIOV code [17] , has been widely used to analyze the LIOVs of distributed networks. The early version of the LIOV code was interfaced with the EMTP 96, whereas a more recent version has been interfaced with the EMTP-RV [18] . Recently, a model and numerical solution using the PSCAD platform are proposed, in which the coupling equations are written in Fortran and embedded into the power system model to communicate with the boundaries and the discontinuity points of the MTLs. In [19] and [20] , a method belonging to the analytical category, named as Circuit Lightning-Induced Voltage (CiLIV), is proposed by Maffucci and Miano [21] and is integrated into SimPowerSystems in MATLAB, in which the transmission line model is described by its characteristic admittance and treated by the method in. In [22] , a DEPACT-LIOVs macromodel is proposed and integrated into PSCAD in order to improve the efficiency. However, this method is not strict in theory because it is based on an assumption that the incident electric fields only couple with the lossless sections of the transmission lines. Moreover, the synthesis method used to model the frequency dependent networks may result in a passivity violation problem, i.e., some negative value circuit elements may appear in the resultant circuit.
The aim of this paper is to develop a circuit model which can be directly integrated into the circuit simulators with the built-in models/setups. Firstly, an macro-model of the Agrawal's field-to-line coupling model is derived, in which the distributed equivalent voltage sources due to the horizontal components of the incident electric fields are lumped at the terminals of the transmission lines. In order to interface with MATLAB/Simulink, the propagation function H is approximated by the vector fitting (VF) method [23] , and then described by a state-space representation [24] . The MTLs are modeled as a passive equivalent circuit by means of the Brune's synthesis [25] , which can overcome the passivity violation problem. Furthermore, considering that the peak values of the LIOVs are mainly concerned in the insulation coordination, a more simple model for evaluation of the early time response is proposed, and the procedure of calculating LIOVs can be further simplified. This paper is organized as follows. In Section II, a macromodel for evaluating the Agrawal's field-to-line coupling model is derived in detail, and a more simple model used for evaluating the early time response of LIOVs is proposed in Section III. In Section IV, some numerical examples are provided to show the accuracy of the proposed method, and the influence of the metal oxide arrester (MOA) and ground wire on LIOVs are discussed. In Section V, some conclusions are presented.
II. MACRO-MODEL FOR FIELD-TO-LINE COUPLING MODEL
Agrawal's filed-to-line coupling model is one of the simple and accurate models for calculating LIOVs. The modified telegrapher's equation of the lossy MTLs illuminated by the external fields can be written as
where U s (x) and I(x) are the scatter voltage and total current vector at location x in the complex frequency domain, respectively. R 0 , G 0 , L 0 and C 0 are the resistance, conductance, inductance, and capacitance matrices per-unit-length (p.u.l.), E x (s) is the horizontal incident electric field along the line, and Z g (s) is the frequency dependent impedance p.u.l. corresponding to the skin effect of the conductor and the lossy ground [26] . The total voltage U(x) is given by
where U z (x) is the voltage due to the vertical component of the incident electric field E z (x, z), and it is can be evaluated by
In order to solve (1), the phasor quantities can be converted into their mode counterparts by a similarity transformation [4] , i.e.,
where T v and T i are the similarity transformation matrices according to the voltage and current vector, respectively. Substituting (4) into (1) yields
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The analytical solution to (5) can be written as
where Y Cm and γ m are the mode characteristic admittance matrix and mode propagation constant, respectively. x 1 and x 2 are the locations of the near and far end of the lines, respectively. Substituting the inverse transformation of (4) into (6), the solution to (1) can be obtained and given by
where
is known as the characteristic admittance matrix of MTLs, and H (x) = e −γ x are called the propagation functions, in which the propagation constant can be evaluated by γ = √ Y 0 Z 0 , and Y 0 and Z 0 are the shunt admittance and series impedance matrices p.u.l. of MTLs, respectively.
By defining two categories of current source, i.e.,
which are related to the reflections from the other end and
which are determined by the external fields, equation (7) can be rewritten as
III. EQUIVALENT CIRCUIT FOR EVALUATION OF LIOVS IN MATLAB/SIMULINK
Without loss of generality, in this section, a three-conductor transmission lines system is adopted to interpret the modeling procedure. According to (10) , a multiport equivalent circuit can be modeled and shown in Fig. 1 . 
A. EQUIVALENT CIRCUIT OF THE PASSIVE SECTION
The passive section in Fig. 1 can be described by the characteristic admittance matrix Y C , which is
in which all the elements are frequency dependent because of the consideration of the skin effect and ground return impedance. From a circuit theory perspective, the impedance Z ii between node i and ground reference and Z ij between node i and j can be evaluated by
Taking advantage of the VF, Z ij can be approximated by
where R dij = lim s→∞ Z (s), and
in which r k , p k , r m and p m are the real residue, real pole, complex residue and complex pole, respectively. r * m and p * m are the complex conjugates of r m and p m . It is well known that the network shown in Fig. 2 is a simple way to achieve the equivalent circuit of Z ij .
As for the sub-item impedance Z k (s) in Fig. 2 , the values of R k and C k can be evaluated by
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From a circuit theory viewpoint, the following necessary condition must be satisfied in order to achieve a passive circuit [27] r k ≥ 0 and
i.e., the values of all the circuit elements of Z k (s) and Z m (s) must be positive. Sometimes, this condition may not be satisfied and a passivity violation problem would be introduced although the ''macro passivity'' can be guaranteed by VF. The reason is that VF is a mathematical approximation method which cannot guarantee the ''micro passivity'' of every subitem. In order to address this problem, Brune's synthesis is adopted to build the equivalent circuit of Z ij because it can be bound to achieve a passive circuit. A detailed Brune's realization can be found in [28] , in which a four-step extraction procedure, also known as ''Brune cycle'', is involved and the passivity of each sub-circuit can be ensured. By means of Brune's synthesis, an equivalent circuit according to the passive section in Fig. 1 can be achieved and it can be built in MATLAB/Simulink with its built-in R/L/C components. For the rationality of the article arrangement, example 1 given in Section V is presented here. All impedances in Fig. 1 are approximated by (13) with N r = 6 and N m = 0, and the values of R dij , r ij,k and p ij,k are listed in Table 3 in the appendix. A. Taking Z 11 and Z 12 as examples, their equivalent circuits are given in Fig. 13 and Fig. 14 , respectively, which are also provided in the appendix. A. Accordingly, the amplitude-frequency and phase-frequency characteristics are shown in Fig. 15 and Fig. 16 , which validates the equivalent circuits. 
where H m is the mode-domain propagation function, given by
where l is the length of the line. By partitioning T i in columns and T
−1
i in rows, H can be rewritten as [31] 
where D i is the product of the ith column of T i and the ith row of T
i , and e −γ mi l is a minimum-phase-shift (mps) function. τ i is the time delay associated with the ith mode velocity, which can be evaluated by [29] 
where v i (ω) is the velocity of the ith mode. ϕ mps (ω) denotes the mps angle of the magnitude function |H(ω)|, which can be calculated by the method proposed in [29] . By means of VF, H can be approximated by
where Q k,i is the kth residue matrix of H corresponding to the kth pole related to the ith mode, and N h is the fitting order.
In order to interface with MATLAB/Simulink, the statespace representation of I s (x 1 ) and I s (x 2 ) are established. Taking I s (x 1 ) as an example, the first equation in (8) can be rewritten as
and each element I s,i (x 1 ) can be evaluated by
. By means of the inverse Laplace transformation, (24) can be expressed by the following state-space representation with retardation, i.e., 
In a similar way, the current source i s (x 2 , t) can also be evaluated.
C. EVALUATION OF I E (x 1 ) AND I E (x 2 )
Equation (9) can be rewritten as
Using VF to approximate all the elements of Y C with a common set of poles, i.e., {p 1 , p 2 , . . . . . . , p Ny }. Taking I E (x 1 ) as an example, it can be expressed as (29) , and its time domain counterpart can be expressed as (30) by means of the inverse Laplace transformation and Eulerian backward difference.
where N y is fitting order of Y C , and
in which R k is the kth residue matrix of Y C corresponding to the kth pole p k and t is the step size.
As for the evaluation of u E (x 1 , t n ) in (30), the following procedures are implemented. Firstly, a rectangular integration is adopted to evaluate (28) by dividing the line into N x segments corresponding to the number of E x , given by
where x = (x 2 − x 1 )/N x . For example, as for a 1km-long line, it can be equally discretized into 100 segments, i.e., the length of each segment is 10m. Secondly, in a similar way to (22) , the propagation function H T (x m − x 1 ) in (31) can be expressed as (32) ,
where τ m,i is the time delay related to the distance from 
x, (34) in which
As for the current i E (x 2 , t) at the other end, it can be evaluated in a similar way. Considering that i E (x 1 , t) and i E (x 2 , t) are only determined by the external fields, they can be precalculated first and then imported into MATLAB/Simulink as current generators for the evaluation of LIOVs.
IV. SIMPLIFIED MODEL FOR EVALUATION OF THE EARLY TIME RESPONSE OF LIOVS
Considering that the peak values of the LIOVs are mainly concerned in the insulation coordination, in this section, a more simple model for the early time response is proposed, which can be used to evaluate the peak values of LIOVs.
It is well known that the time delay depends on the length of lines l and propagation velocity v. As long as the time delay from one end to the other is longer than the rising time of LIOVs, the peaks of LIOVs would not be dependent of the current sources I s (x 1 ) and I s (x 2 ). So it can be concluded that one could accurately evaluate the peak values of LIOVs with a simplified circuit shown in Fig. 3 , named as ''early time model'' in this paper. Compared Fig. 3 with Fig. 1 , the ''early time model'' is more simple, which is suitable for the insulation coordination of the distributed networks. The accuracy of the ''early time model'' will be illustrated by a comparison with the ''exact model'' in Section V. Furthermore, the variation of the rising time of LIOVs with the length of line is shown in the appendix. B, which indicates how to achieve the effective length of the line in the ''early time model''.
V. SIMULATION AND DISCUSSION
In this section, three examples are provided to demonstrate the accuracy of the proposed model. As for the description of the lightning return stroke, Heidler's functions are adopted to describe the channel base current [32] . The peak value of the channel base current is adopted as 35kA and its maximum time-derivative is 120kA/µs. The lightning current is allowed to decrease with the height while propagating the channel upward, and the current along the channel can be expressed by
where v c is the return stroke velocity and is assumed to be 1.3×10 8 m/s, λ is the decay constant which takes into account the effect of the vertical distribution of charge stored in the corona sheath of the leader, and subsequently, discharge during the return stroke phase, and its value has been assumed to be 2km [33] .
A. EXAMPLE 1
In this example, a 1km-long three-phase transmission lines system is studied. The conductors are placed at different heights, as shown in Fig. 4 . Each conductor is terminated with a resistance which equals to its characteristic impedance determined in the absence of the other conductors. The striking point is considered equidistant from the line terminations and a distance of 50m from the pole, and the lightning electromagnetic fields are calculated by the method in [34] - [37] . In this paper, the radial electric fields of the observation points far from the lightning striking point (larger than 100m) over the homogenous lossy ground can be calculated by the Cooray-Rubinstein formula [34] , [35] , while the numerical Sommerfeld integral with an improved complex integration path [36] or the FDTD method [37] is used for the observation points located at very closed to the lightning striking point (smaller than 100m) over the homogenous or two layer stratified lossy ground. The LIOVs of the conductors above a lossy ground with different ground conductivities (0.01S/m and 0.001S/m) are calculated. The voltages of the terminal and the middle point of phase B are shown in Fig. 5 , while the corresponding results in [3] are given in the same figure. As can be seen, within the validity limits, the proposed model provides solutions in good agreement with TDFEM.
A comparison between the ''early time model'' and exact mode is carried out, and the corresponding calculated results are shown in Fig. 6 . As can be seen, the early time period transients voltages are in good agreement which indicates that the ''early time model'' can accurately evaluate the peak value of LIOVs in a simple way.
B. EXAMPLE 2
In this example, the effect of ground wire on the lightninginduced voltages of overhead transmission lines is discussed. The configuration of an overhead lines system with a ground wire placed on the top of the pole is shown in Fig. 7 , and there are nine poles along the 1km-long line, i.e., the distance between each pole is 100m. The grounding resistance R g and the equivalent inductance of the pole L g are adopted as 15 and 12.6µH, respectively. The corresponding equivalent circuit is shown in Fig. 8 , in which the sub-unit of the equivalent circuit is same as Fig. 1 . Each conductor is terminated with a resistance equal to its characteristic impedance determined in the absence of the other conductors.
The induced voltages of phase C and the ground wire are shown in Fig. 9 while the corresponding results calculated by TDFEM are given in the same figure. As can be seen, within an acceptable tolerance, the proposed model provides solutions in good agreement with TDFEM. Fig. 10 shows the LIOVs at the midpoint of the three phase conductors and the ground wire, and the peaks of the LIOVs with and without ground wire are listed in Table 1 . As can be seen, the presence of the ground wire can reduce the LIOVs to some extent because of the shielding effect due to the presence of the ground wire. 
C. EXAMPLE 3
Metal oxide arrester (MOA) has been widely used to reduce the damage of the overhead transmission lines caused by lightning. In this example, the influence of MOA on LIOVs is investigated. The parameters of the overhead lines are the same as the configuration shown in Fig. 4 and a MOA is 47314 VOLUME 6, 2018 equipped on phase A in the middle point of the 1-km long line. MOA exhibits an extremely high resistance during normal operation and a very low resistance during transient overvoltages [3] . In this paper, the MOA is considered as an nonlinear resistor whose V-I characteristic can be represented by
The nonlinear resistor can be implemented by the ''Surge Arrester'' component in MATLAB/Simulink. The nonlinear V-I characteristic of the surge arrester is described by a series of exponential functions, i.e.,
where i ref is the reference current (usually 500 A or 1 kA), and u ref is the protection voltage according to the reference current. k m and α m are the coefficients used to describe the mth section of the V-I characteristic curve, and m = l, 2, 3 are related to the small current, the nonlinear and the saturation region, respectively. Compared with (36), the relevant parameters k m and α m in (37) can be easily obtained, which are listed in Table 2 . The V-I characteristic curve of the nonlinear resistance in MATLAB/Simulink is shown in Fig. 11 , while the corresponding curve described by (36) is also given in the same figure, as can be seen, they are in good agreements.
The LIOVs are evaluated and shown in Fig. 12 . As can be seen, the placement of MOA can limit the voltage of the phase A effectively. Moreover, the voltages of other phases can also be reduced in some degree due to the coupling mechanism between the conductors. 
VI. CONCLUSIONS
In this paper, a macro-model of Agrawal's field-to-line coupling model is proposed, which can be integrated into MATLAB/Simulink to evaluate LIOVs of overhead lines. In this model, the distributed equivalent voltage sources are lumped at the terminations of the lines. In order to interface with MATLAB/Simulink, the propagation function of MTLs is approximated by a delayed rational function and described by a state-space representation, and the Brune's synthesis is adopted to model the passive section in the macro-model in order to overcome the passivity violation problem. Furthermore, an ''early time model'' for the early time response is proposed to calculate the peak values of LIOVs, and the calculation of a LIOVs can be further simplified. Some examples are presented to demonstrate the accuracy of the proposed model, and the influence of the MOA and ground wire on the LIOVs are also discussed.
By using the proposed method, a complex network would be analyzed in future in order to achieve a rational protection.
APPENDIX

A. MODELLING OF THE PASSIVE SECTION OF MACRO-MODEL
The fitting parameters and corresponding equivalent circuits of Z ij are described in detail in this section. The values of R dij , r ij and p ij according to all the impedances in Fig. 1 are listed in Table 3 . Considering that condition (17) is satisfied for the cases of i = j, Z ii and can be modeled as Fig. 2 . Taking Z 11 as an example, its topology is shown in Fig. 13 and the values of the elements are list in Table 3 . As for the cases of i = j, as can be seen from Table 3 , some residues are negative, so condition (17) is not satisfied. Brune's synthesis is used to deal with the passivity violation problem. Taking Z 12 as an example, its equivalent circuit is given in Fig. 14 and the parameters are listed in Table 4 . In order to validate the equivalent circuits, the curves of the amplitudefrequency and the phase-frequency characteristics are shown in Fig. 15 and Fig. 16 .
B. EFFECTIVE LENGTH OF THE ''EARLY TIME MODEL''
As we all know, the lightning striking distance presents a much broader rang, which will influence the rising times of LIOVs. In order to illustrate this problem, the peak values of LIOVs of different lightning striking distances are shown in Fig. 17 . In these examples, the maximum lightning subsequent return-stroke current with 50kA peak value is considered and the maximum time-derivative is 200kA/µs [38] , and the line configuration is same as example 1 in Section V. As can be seen from Fig. 17 , when the lightning striking distance is larger than 400m, it would not cause an insulation flashover, and the corresponding rising times at different lightning striking distances are listed in Table 5 , in which the rising time of LIOVs is about 1∼2µs. On the other hand, as for a line longer than 500m, the time delay from one end to other would be greater than 2µs, which is longer than the rising time of LIOVs. It can be imagined that the LIOVs would not be influenced by the current sources I s (x 1 ) and I s (x 2 ) in Fig. 1 which is related to the reflections from the other end. As a result, Fig.1 can be simplified to Fig. 3 when the length of the line is longer than 500m.
Finally, considering that the front time of lightning presents a much broader rang, such as the first return-stroke current whose front time is longer than the subsequent return-stroke current, the rising time of LIOVs will be also longer and the effective length of the line should be adjusted accordingly. Given that the calculation of the LIOVs is usually discussed under a subsequent return-stroke current, which is also the focus of this paper. As the statements above, as for a line longer than 500m, the effective length of the 'early time model' is adopted as 500m.
